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Abstract

A portable nuclear magnetic resonance (NMR) surface probe was used to determine the time-dependent self-diffusion coefficient D(t)
of water molecules in two fluid-filled porous media. The measuring equipment and the inhomogeneous magnetic fields in the sensitive
volume of the probe are described. It is discussed how to evaluate D(t) using a surface probe from the primary and stimulated echoes
generated in three-pulse experiments. Furthermore, the evaluation of D(t) allows one to determine the geometrical structure of porous
materials.
� 2006 Elsevier Inc. All rights reserved.

Keywords: Nuclear magnetic resonance (NMR); One-sided access NMR; Porous media; Diffusion coefficient
1. Introduction

New nuclear magnetic resonance (NMR) devices, espe-
cially those which can be used for on-site and on-line mea-
surements, have been intensively developed in the last
decade. Special attention was paid to ‘‘Inside-out’’ or
‘‘One-sided access’’ (OSA) NMR techniques which allow
measurements on components external to the apparatus.
NMR well-logging instruments [1,2] and portable NMR
surface probes [3–6] are examples of this technique. The
applications of the NMR surface probe have been substan-
tially extended in recent years, particularly for mobile on-
site material characterization. Quality control of diverse
rubber products, such as car tires and rubber pipes, can
be performed non-destructively by this technique. The
monitoring of adhesive curing in glass–metal compounds
and other adhesive bonds has been reported [7,8]. The
OSA technique is a suitable method to characterize the
durability of building materials even if large components
have to be examined, and it can also be used to monitor
the early age strength development of concrete [9]. A fur-
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ther application is the survey of cultural-heritage objects,
such as ancient-fresco painted walls and antique books
[10,11]. Based on the portable NMR surface probe, mag-
netic resonance imaging (MRI) is under development
[12–14] and highly resolved NMR spectra have been
obtained [15,16].

Similarly to the standard NMR technique and the NMR
well-logging equipment, which are used to characterize
porous structures and rock formations in order to provide
information about their porosity, saturation, characteristic
pore size, and permeability [17–19], a portable NMR sur-
face probe can be applied for the structural characteriza-
tion of fluid-filled porous media [20]. Generally, the
measurements of the relaxation times T1 and T2 for which
T1,2 = q1,2a holds, cannot be used for an unambiguous
characterization of the size a of the pores. The surface
absorption coefficient q is a distinct material property
and in many cases it is not known a priori. This problem
can be avoided by carrying out diffusion measurements.
Since the discovery of the links between diffusion and
NMR signals [21–23], much work has been done to find
relations between NMR signals obtained in homogeneous
and inhomogeneous fields, and the geometrical and the
transport parameters of disordered media [18,19,24–31].
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Using a bar-magnet in the so-called NMR-MOUSE, a con-
stant relaxation method for measuring the self-diffusion
constant D has been implemented recently [32]. However,
for the structural characterization of porous media, the
time-dependent self-diffusion coefficient D(t) which is
linked with the mean squared displacement (MSD) of the
liquid molecules in a restricted pore volume is the desired
value. D(t) is typically measured in pulsed field-gradient
spin-echo (PFGSE) experiments by analyzing the echo
magnitude for different gradient pulse durations. In the
presence of a strong permanent static gradient, the MSD
of liquid molecules can be measured in a three-pulse stim-
ulated echo experiment [18] without using a gradient pulse-
coil in the probe, which can cause additional technical
problems [33].

The influence of diffusion on the echo signals, as well as
the determination of diffusion parameters from the received
signals by the inside-out NMR technique have shown a
considerable amount of complications which are caused
not only by a reduced signal-to-noise ratio in comparison
to the standard NMR technique, but also by the inhomo-
geneity of the static magnetic field B as well as the
radio-frequency field B1 across the sensitive volume
[34,35]. Furthermore, the orthogonality between both
fields, and the condition that the polarizing field-offset
DB is much smaller than B1, are not always fulfilled. There-
fore, for signal calculations obtained with the portable
NMR probe, the gradients of the static and radio-
frequency fields, as well as their complex geometry have
to be taken into account [6,36].

In this paper measurements of self-diffusion over a large
time scale in liquid-filled porous media by means of a por-
table NMR surface probe are reported. For this purpose
the magnetic fields of the probe are approximated by ana-
lytical expressions in the sensitive volume. Extending previ-
ous theoretical work by one of the authors which is based
on the Greens function formalism to calculate the transver-
sal magnetization in unbounded and bounded volumes [37]
Fig. 1. (a) Schematic diagram of the portable probe. The static magnetic field
coil with seven turns. The center of the sensitive volume is 27 mm from the pro
origin in the center of the sensitive volume.
and using theoretical works of other authors [18,23,27–30],
it is shown that it is possible to evaluate D(t) from the echo
signals generated by three-pulse sequences measuring the
amplitude ratios between the two-pulse and three-pulse
echoes. The limits are described within which this kind of
diffusion measurement can be used. The experimentally
obtained time dependence of the diffusion coefficient is
used to determine the surface-to-volume ratio S/V, the for-
mation factor F, and the permeability k [38] for two porous
media: water-filled glass beads and a water-filled SiO2 pow-
der. The obtained results for the S/V parameters agree well
with the values of the specific surface in both porous media.
2. Description of the measuring equipment

The portable NMR probe has the size 250 ·
240 · 260 mm3 mounted in a copper and aluminum hous-
ing. It consists of an rf-transmitting and receiving pancake
coil, a bipolar magnet assembly and a high-voltage capac-
itor (see Fig. 1a). The static magnetic field B(r) is created by
several bar NdFeB magnets with the energy density of
�7.96 · 103 J/m3 (=38 MGOe in cgs units as given by the
manufacturer) and connected by an iron yoke forming an
U-shape assembly. The magnetic field gradient is about
3 T/m (details see in Appendix A). By using an optimized
magnet design, the magnet weight was minimized (total
weight of the probe 38.5 kg) and a measuring depth up
to several centimeters was achieved [4]. A flat pancake
Cu-coil (2 mm wire Ø, 100 mm coil Ø, 7 turns), which is
connected to the high-voltage capacitor, generates a linear-
ly polarized alternating magnetic field B1(r, t) parallel to the
coil axis. The resonant circuit formed by the capacitor and
the coil is tunable between 5.2 and 9 MHz. In the present
study a resonance frequency of m = 5.2 MHz was used
which corresponds to a measuring depth of 27 mm. In
order to generate a substantial rf-magnetic field, the electri-
cal pulse power fed into the resonance circuit can be as high
as 30 kW. It is generated by a specially developed miniature
B(r) is created by permanent magnets and the rf-field B1(r, t) by a pancake
be surface for a frequency of 5.2 MHz; (b) the coordinate system with the
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rf amplifier on a standard board. Rf pulses were typically
several microseconds long. The dimensions of the portable
electronic sub-unit are 430 · 430 · 200 mm3, with a mass of
15 kg. It can be powered by line voltages of 110 or 220 V
with an overall consumption of 100 W or for 120 min by
batteries. The portable electronic sub-unit consists of a fre-
quency synthesizer with a 80 MHz master clock, a pulse
programmer, a low-impedance output stage, a 3-port
switch with an impedance-matching network with tunable
varactor diode, active and passive dampers, a low-noise
pre-amplifier with a variable bandwidth between 50 and
500 kHz, a frequency-variable demodulator, an A/D-con-
verter with an 80 MHz digitization rate, and finally a com-
puter and a touch-screen display.

The static magnetic field B(r) can be calculated numer-
ically [6,36]. Its amplitude along the axis of the coil
decreases with the distance x from the probe surface
and it reaches at x = 27 mm the value B0 for which the
angular velocity of proton magnetic-moment precession
cpB0 is equal to the angular frequency of the rf-field:
cpB0 = x0 = 2pm = 32.6725 (rad/ls). Here cp is the proton
gyromagnetic ratio.

The center of the sensitive volume is the origin for a
Cartesian coordinate system (see Fig. 1b). The x-axis of
this coordinate system is parallel to the symmetry axis of
the rf-coil, and the z-axis is oriented horizontally from
the north to the south pole of the U-shaped magnet assem-
bly. The static magnetic field B(r) and the rf-field B1(r, t)
can be approximated near the center of the sensitive vol-
ume by a polynomial function which reflects the symmetry
of the magnet and the coil (see Appendix A).
3. Estimation of diffusion parameters

In the following a system of isolated spins placed in the
magnetic fields, which are described by Eqs. (A1) and (A2)
of Appendix A is considered. Each spin has the effective
magnetic moment l0 ¼ l2

BBðrÞ=kBT oriented along the stat-
ic magnetic field B(r) in the equilibrium state. Here lB is the
Bohr magneton, kB is the Boltzmann constant, and T is the
temperature. For the three-pulse experiments the echo
magnitudes can be calculated by considering the dynamics
of proton magnetic moments under the action of the
applied inhomogeneous magnetic fields (see Appendix B),
which has been described earlier by various groups based
on the well-known rotation matrices formalism [6]. In the
cases of a more complicated sequence such as CPMG,
the selection of coherent pathways into which the magneti-
zation dynamics is decomposed, has been used to evaluate
echo amplitudes [35]. The primary echo magnitude, which
is built up after two tp-long pulses with the delay s1 between
them, is determined by the following expression:

Mðtp; s1Þ ¼ l0n exp � 2s1

T 2

� �Z
I1ðr; tpÞ

� exp �c2
pG2ðrÞZs1

ðs1Þ
� �

dv: ð1Þ
Here, n is the density of the protons and ndv is the total
number of protons in the volume dv. I1(r, tp) can be called
the volume excitation function for the first echo. It is deter-
mined by

I1ðr; tpÞ ¼
1

2
cðr; tpÞ � Iðr; tpÞ
� �

Oðr; tpÞ þ isðr; tpÞ
� �

: ð2Þ

It shows the spatial distribution of magnitude and phase of
the proton magnetization in the sample. The diffusion
relaxation factor expð�c2

pG2ðrÞZs1
ðs1ÞÞ in Eq. (1) depends

on the local value of the gradient G(r) and on the function
Zs(t) which represents the thermal molecular motion [18].
The function Zs(t) is determined by the following
expression:

ZsðtÞ ¼
1

6

Z s

0

Z tþs

t
r2 jt00 � t0jð Þ
� 	

dt0 dt00



�
Z s

0

Z s

0

r2 jt00 � t0jð Þ
� 	

dt0 dt00
�
: ð3Þ

After the third tp-long pulse, which follows the second
pulse after the delay s2, the echo magnetization is deter-
mined by

Mðtp; s1; s2Þ � l0n exp � 2s1

T 2

� s2

T 1

� �Z
I2ðr; tpÞ

� exp �c2
pG2ðrÞZs1

s1 þ s2ð Þ
� �

dv: ð4Þ

Here I2(r, tp) is the volume excitation function of the stim-
ulated echo

I2ðr; tpÞ ¼ �1
2

Oðr; tpÞ þ i sðr; tpÞ
� �

O2ðr; tpÞ þ s2ðr; tpÞ
� �

: ð5Þ

The echo magnitude is the superposition of the contribu-
tions from the locally excited volumes which in general
can be attenuated by their own diffusion factor. In the fol-
lowing the normalized magnitudes of the primary and the
stimulated echoes, M(tp, 0)/(l0n) and M(tp, 0,0)/(l0n),
respectively, were numerically simulated as functions of
the pulse length tp for the magnetic fields of the portable
probe (see Fig. 2a).

The results (1)–(5) are used in order to extract the diffu-
sion parameters from the measured echo signals by using
an approximation. The in- and out-of-phase voltage
induced in the coil from the sample with the complex mag-
netization density m(r, t) can be described by the complex
function V(t) [34]

V ðtÞ ¼ 2

Ic

Z
x1ðrÞBðrÞmðr; tÞdv: ð6Þ

Here, Ic is the current needed in the coil to give rise to B1(r)
in the sample. Next the voltage amplitudes of the primary
and stimulated echo signals are described as V(tp,s1) and
V(tp,s1,s2), respectively. We determine the logarithm of
the ratio between the absolute values of the signals of the
stimulated and the primary echoes ln|V(tp,s1,s2)/V(tp,s1)|.
With Eqs. (1) and (4) this quantity can be calculated



Fig. 2. (a) Amplitude of the primary and stimulated echoes as a function of the rf-pulse duration tp. The values of M(tp,0)/(l0n) and M(tp, 0,0)/(l0n)
are the results of the integrations of the functions I1(r, tp) and I2(r, tp), respectively. For comparison, the value H(tp) = ln|I2(tp)/I1(tp)|, where the functions
I1(tp) and I2(tp) are the integrals of the functions B(r)x1(r)I1(r, tp) and B(r)x1(r)I2(r, tp), respectively; (b) averaged squared gradients for the primary and for
the stimulated echoes as a function of the rf-pulse duration tp.
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ln
V ðtp; s1; s2Þ

V ðtp; s1Þ

����
���� ¼ ln

Z
BðrÞx1ðrÞI2ðr; tpÞ

����
� exp �c2

pG2ðrÞZs1
s1 þ s2ð Þ

� �
dv
���

� ln

Z
BðrÞx1ðrÞI1ðr; tpÞ exp �c2

pG2ðrÞZs1
s1ð Þ

� �
dv

����
����

� s2

T 1

: ð7Þ

It can be transformed by a serial expansion of the expo-
nents under the integrals with a follow-up integration:

ln
V ðtp; s1; s2Þ

V ðtp; s1Þ

����
���� � HðtpÞ þ ln j1� c2

pG2
2Zs1

s1 þ s2ð Þ

þ � � � j � ln j1� c2
pG2

1Zs1
ðs1Þ þ � � � j

� s2

T 1

: ð8Þ

Here H(tp) = ln|I2(tp)/I1(tp)|. The functions I1(tp) and I2(tp)
correspond to the integrals of the functions
B(r)x1(r)I1(r, tp) and B(r)x1(r)I2(r, tp) over the volume.
The parameters G2

1ðtpÞ and G2
2ðtpÞ are determined by the

following expressions:

G2
1ðtpÞ ¼ I�1

1 ðtpÞ
Z

BðrÞx1ðrÞI1ðr; tpÞG2ðrÞdv; ð9Þ

G2
2ðtpÞ ¼ I�1

2 ðtpÞ
Z

BðrÞx1ðrÞI2ðr; tpÞG2ðrÞdv: ð10Þ

It is obvious that the functions G2
1ðtpÞ and G2

2ðtpÞ represent
the averaged squared gradients in the sensitive volume with
the excitation functions multiplied by B(r)x1(r) as weight
functions. In general, they are pulse-length dependent func-
tions which are different for the primary and for the stim-
ulated echoes. If the function G(r) is constant, it follows
from Eqs. (9) and (10) that the averaged squared gradients
G2

1ðtpÞ and G2
2ðtpÞ are also constant and equal to each other

and are independent of the pulse duration tp. The real parts
of these functions appear to be much larger than their
imaginary parts for the portable NMR probe. They are
shown in the diagram of Fig. 2b for the primary and the
stimulated echo. For a pulse length tp = 7 ls, which results
in a maximum signal for the portable NMR probe (see
Fig. 2a), they are almost equal for both echoes, which is
mainly due to the fact that the gradient G(r) of the static
magnetic field is almost constant in the sensitive volume.
For the sake of simplicity it can therefore be stated that
G2

1ðtpÞ ¼ G2
2ðtpÞ ¼ G2 ¼ const: and (cpG)2 = 0.363 rad2/

(ls2 mm2) for tp = 7 ls. This assumption allows one to sim-
plify Eq. (8) by a serial expansion of the logarithmic
function

ln
V ðtp; s1; s2Þ

V ðtp; s1Þ

����
���� � HðtpÞ �

s2

T 1

� c2
pG2 Zs1

s1 þ s2ð Þ � Zs1
ðs1Þð Þ þ � � �

ð11Þ

Further expansion terms are assumed to be much smaller
in comparison to the first two. If the pulse-delay times
are very short s1, s2 fi 0, then the ratio between the stimu-
lated and the primary echoes is equal to the ratio of the
functions I2(tp) and I1(tp): |V(tp,s1,s2)/V(tp,s1)| = |I2(tp)/I1(tp)|.
Performing a further serial expansion for the function
Ær2(|t00 � t 0|)æ at the points s1 and s1 + s2 in Eq. (3), the
expression Zs1

ðs1 þ s2Þ � Zs1
ðs1Þ can be represented as:

ðhr2ðs1 þ s2Þi � hr2ðs1ÞiÞs2
1=6. The last expression can be

approximated as hr2ðs2Þis2
1=6þ ðdðs2Þ � dð0ÞÞs3

1, where
6d(t) = oÆr2(t)æ/ot. For a linear time-dependence of the
mean-square-displacement (MSD), d(s2) = d(0) and the
term ðdðs2Þ � dð0ÞÞs3

1 vanishes. For the diffusion in porous
media we have d(s2) � d(0) for small times s2. If s1� s2,
then ðdðs2Þ � dð0ÞÞs3

1 � hr2ðs2Þis2
1=6. It means that the

expression Zs1
ðs1 þ s2Þ � Zs1

ðs1Þ can be approximated as
hr2ðs2Þis2

1=6 for short and for long s2. This consideration
suggests that the determination of the MSD from the ratio
between the stimulated echo and the primary echo ampli-
tudesshould provide a better accuracy for the MSD of li-
quid molecules in comparison to the determination of the
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MSD from the ratio between the stimulated echo ampli-
tudes and the initial magnetization. Besides this, measure-
ments of the initial magnetization by NMR surface probe
are difficult because of the dead time of the set-up after
the application of the first rf-pulse. With k = cpGs1 Eq.
(11) can be written as

ln
V ðtp; s1; s2Þ

V ðtp; s1Þ

����
���� � HðtpÞ �

s2

T 1

� hr
2ðs2Þi

6
k2: ð12Þ

This is the expression for the logarithm of the ratio between
the stimulated and the primary echo in the portable NMR
probe. It contains the term H(tp) = lnjI2(tp)/I1(tp)j that is
responsible for the relaxation in inhomogeneous fields.
Eq. (12) is used in the next section for the determination
of the MSD of water molecules in porous media.

4. Experimental results

The theoretical considerations described above pointed
out the feasibility of diffusion measurements with a porta-
ble NMR probe using three pulse-echo experiments. The
duration of each pulse was 7 ls, which is much less than
the delay between the first and the second pulse varying
from 20 to 700 ls. The delay between the second and the
third pulse was varied from 5 to 350 ms. In general, OSA
NMR provides a poor signal-to-noise ratio (SNR) due to
its low magnetic-field magnitude and homogeneity. To
Fig. 3. Probe signals obtained from water-saturated SiO2 powder; (a) set of prim
an interval between 100 and 700 ls; (b) value of �6ln|V(tp,s1,s2)/V(tp,s1)| obta
s1. Note that 6ln|V(tp, s1, s2)/V(tp, s1)j versus k2 is a straight line: 61[lm2]k2 �
reach a satisfying precision, the number of the averaged
experiments n should be between 50 and 500. Thus the
measurement can last about 5–20 min.

The water diffusion in porous media was observed in
two samples. Randomly packed glass beads of 100 lm
diameter, characterized by a smooth surface and SiO2 pow-
der with grains showing a rough surface and an average
size of 45 lm were filled with distilled water, so that it pen-
etrated all cavities. The water level covered both media
completely. The suspensions were let to rest for a few days
under their own weight in order to get a stable density and
to let the trapped air escape. Based on the absorbed water,
volume porosities of u = 0.37 for glass beads and u = 0.43
for SiO2 powder have been determined. Finally the samples
were placed on the portable NMR probe such that the sen-
sitive volume was located in the water-filled porous media.

Afterwards the MSD corresponding to a certain diffu-
sion time s2 was determined from the measurement data
by the procedure described in Section 3. For a constant
time delay between second and third pulse, s2 = 5 ms, the
T1 relaxation has a relatively small effect on the stimulated
echoes. If the time-delay between the first and the second
pulses s1 is varied, a series of primary and stimulated ech-
oes are generated. This series is shown in Fig. 3a for the
case of the water-filled SiO2 powder.

To evaluate the MSD for a certain diffusion time s2,
the values of the expression �6ln|V(tp,s1,s2)/V(tp,s1)|,
ary and stimulated echoes with s2 = 5 ms. The time delay s1 was varied in
ined from the echo amplitudes shown in (a) for s2 = 5 ms and for different

1.2 (see Eq. (12)).
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obtained from the measured echoes as a function of s1,
are plotted versus k2 (see Fig. 3b). This plot is fitted
by a straight line A(s2)k2 + R(s2) with the slope A(s2)
corresponding to Ær2(s2)æ. R(s2) represents the longitudi-
nal relaxation and the influence of the field inhomogene-
ity 6(H(tp) + s2/T1) for a single delay s2. If the
measurement is repeated for several s2, the functional
dependencies of A(s2) and R(s2) can be determined.
The values of A(s2) divided by 6Ds2 and R(s2) are shown
in Figs. 4 and 5, respectively. Since R(s2) corresponds to
6(H(tp) + s2/T1), the estimated values of R(s2) can be fit-
ted by a straight line whose slope corresponds to the lon-
gitudinal relaxation rate 6/T1. A value of T1 = 310 ms is
obtained for the glass beads of 100 lm size and in case
of the 45 lm SiO2 powder T1 is 62 ms (see Figs. 5a
and b). The value of A(s2) corresponds to Ær2(s2)æ which
can be approximated for short times by the following
expression [19,28–30]:
hr2ðtÞi
6Dt

� 1� 4

9

S
V

ffiffiffiffiffi
Dt
p� �

: ð13Þ
Fig. 4. Ratio between MSD of water molecules in porous medium and in an un
SiO2 powder of 45 lm.

Fig. 5. Time dependence of R(s2); (a) in the glass-beads porous medium and
relaxation rate 1/T1.
Short times mean the time intervals from the start of the
experiment until the MSD begins to show asymptotic
behavior.

Thus, the value of the specific surface S/V can be chosen
in such a way that the curve, which is given by Eq. (13), fits
best the time dependence A(s2)/6Ds2 which was determined
in the experiments. In this way a specific surface
S/V = 0.096 lm�1 for the glass beads (see Fig. 4a) and
S/V = 0.21 lm�1 for the SiO2 powder is determined (see
Fig. 4b). Presupposing spherical particles, the specific sur-
face can be determined as S/V = 6(1 � /)/(d/) from the
characteristic diameter d of the spheres and the porosity
/. By this way a value of 0.1021 lm�1 is determined for
the glass beads and 0.18 lm�1 for the SiO2 powder. These
results are in good agreement with the values determined
by the portable NMR surface probe. The specific surface
value is linked with the relaxation time in porous media
by the relation qS=V ¼ T�1

1 , where q characterizes the sur-
face ability to absorb proton magnetization. It follows
from the above that the coefficient q is equal to
0.032 lm/ms and 0.08 lm/ms for the water-filled glass
spheres and the water filled SiO2 powder, respectively.
restricted volume; (a) for randomly packed glass spheres of 100 lm; (b) for

(b) in SiO2 powder. The slope of the fit straight line corresponds to the
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It is also possible to determine the asymptotic value of
the time-dependent diffusion coefficients in the long time
limit D(1) from the results described in Figs. 4a and b.
The ratio D(1)/D is 0.72 for the medium with the glass
spheres and 0.6 for the SiO2 powder.

The formation factor F which is defined as the ratio of
the pure liquid conductivity to the conductivity of the
liquid-filled porous medium, can be expressed using the
asymptotic diffusion coefficient: F�1 = /D(1)/D [28]. The
formation factor can be linked with the permeability k of
the porous medium by an empirical formula k = /DF�1Æsæ
[38]. Here Æsæ is a weighted average value of the relaxation
time T1. According to this formula the permeability of the
medium with the glass spheres is 47.7 lm2 and for the SiO2

powder 17.6 lm2.
5. Conclusion

Using a portable NMR probe, the recording of the
time-behavior of the mean-squared displacement of the
liquid molecules in porous media has been demonstrated.
The specific surface of two porous media, here glass beads
with a diameter of 100 lm and glass powder with a mean
diameter of 45 lm, which were fully immersed in water,
has been examined. The obtained values of the specific
surface of the two tested porous samples are in good
agreement with the calculated values. Based on this
method the surface relaxivity q of an unknown porous
medium can be determined, allowing one to eliminate
the ambiguousness in relaxation-time analysis of porous
media. Moreover, the portable NMR probe allows one
to estimate the asymptotic value of the time-dependent
diffusion coefficient D(1), which is necessary to determine
the formation factor F and the permeability k. The theo-
retical expression, which links the mean-squared displace-
ment of diffusing molecules with the ratio between the
stimulated echo and the primary echo amplitudes, has
been calculated. This method should deliver a better accu-
racy for the determination of the mean-squared displace-
ment in comparison to its determination from the ratio of
the stimulated echo amplitude and the initial magnetiza-
tion. Finally, this paper also offers a method for the
approximation of the magnetic fields in the sensitive vol-
ume by polynomial expressions, which allows one to
make simple and clear calculations of the echo amplitudes
generated by the portable NMR probe.
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Appendix A. Approximation of B(r) and B1(r, t) near the

center of the sensitive volume

The planes x–z and x–y are the symmetry planes for
the probe, B(x,y,z) should be an even function with
respect to the variable y and z: B(x,y,z) = B(x,�y,z)
= B(x,y,�z). This means that a series expansion of
B(x,y,z) cannot contain linear terms with respect to
the variables y and z. Therefore the static magnetic field
B(x,y,z) or its proton Larmor frequency x(x,y,z) =
cpB(x,y,z) can be represented near the sensitive volume
center as

cpBðx; y; zÞ ¼ cpB0 � bð0Þx x� bð0Þy y2 þ bð0Þz z2 ðA1Þ

The coefficients bð0Þx , bð0Þy , and bð0Þz are chosen such that the
Eq. (A1) matches best the experimentally measured and
numerically simulated field values. If distances are mea-
sured in millimeters, one gets bð0Þx ¼ 0:6 (rad/ls mm),
bð0Þy ¼ 7:4� 10�4 (rad/ls mm2), and bð0Þz ¼ 1:22� 10�3

(rad/ls mm2). Eq. (A1) allows one to specify the shape
of the sensitive volume located near the surface, which
is determined by the equation cpB(x,y,z) = x0. The thick-
ness of the sensitive volume is proportional to the magni-
tude of the B1l field close to this surface. In contrast to
the standard NMR technique, the linearly polarized field
B1l(r, t) is not necessarily oriented orthogonally to the
static magnetic field in the one-side probe. Note that it
is only the transversal component which influences the
spins during resonance: B1^(r, t) = B1l(r, t) � (n Æ B1l(r, t))n.
Here n is the unit vector along the field B(r). The field B1^
can be represented as the combination of two circularly
polarized fields B1(r, t) and B1*(r, t), which rotate with
the angular speed�x0n and x0n, respectively. The abso-
lute value of both fields should be equal to the half of
the absolute value of the field B1^, i.e., |B1(r, t)| = |B1*(r,
t)| = |B1^(r, t)|/2. The field B1(r, t) can also be represented
near the origin of the coordinate system as a polynomial
function which reflects the symmetry of the coil. Since the
symmetry axis of the coil is the x-axis, the field B1 should
depend on the distance from this axes R = (y2 + z2)1/2 and
on the x-coordinate, B1(x,R). It is obvious that the field
B1 is maximal for a given x when R fi 0. This means that
the derivative oB1(x,R)/oR = 0 and the series expansion
of the function cannot contain linear terms with respect
to the variable R. Therefore the magnitude of the field
B1 or the proton precession frequency in this field
x1(x,y,z) = cpB1(x,y,z) can be represented as

cpB1ðx; y; zÞ ¼ bð1Þ � bð1Þx x� bð1ÞR1 ðy2 þ z2Þ þ bð1ÞR2 ðy2 þ z2Þ2:
ðA2Þ

Here, b(1) = 0.25595 (rad/ls) is the magnitude of the rf-mag-
netic field at the coordinate origin. The coefficients bð1Þx , bð1ÞR1 ,
and bð1ÞR2 are chosen such that Eq. (A2) deviates from the
experimental and numerical data by less than 5%. They are
equal to bð1Þx ¼ 1:25� 10�2 (rad/ls mm), bð1ÞR1 ¼ 10�4 (rad/
ls mm2), and bð1ÞR2 ¼ 1:27� 10�8 (rad/ls mm4).



Fig. 6. Equal amplitude surfaces for the magnetic fields of the portable NMR probe near the center of the sensitive volume. The numbers along the x-axes
and y-axes represent mm. (a) For the upper surface the static magnetic field amplitude is cpB(x,y,z) = cpB0 � 0.5 (rad/ls). For the lower surface
cpB(x,y,z) = cpB0 + 0.5 (rad/ls). (b) For the upper surface the rf-magnetic field amplitude is equal to cpB1(x,y,z) = 0.25 (rad/ls). For the lower surface:
cpB1(x,y,z) = 0.2 (rad/ls).
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Eqs. (A1) and (A2) with the above determined gradi-
ent are used to calculate the magnitude of the field
distributions near the coordinate origin, and hence the
sensitive volume. The surfaces of equal amplitude for
the static field B(x,y,z) are plotted in Fig. 6a. The differ-
ence between the cpB values on the lower and on the
higher surfaces is approximately equal to the quadruple
magnitude of the rf-field: 4B1(0, 0,0). The main part of
the sensitive volume is enclosed between these two sur-
faces. The graph of the rf-field B1 is shown in Fig. 6b.
It represents the extent of the sensitive volume in the
horizontal plane.
Appendix B. Calculation of the magnetization rotation
during rf-pulses

The rotation during a rf-pulse of length tp around the
deviated axis by an angle aðr; tpÞ ¼ �cpðDB2ðrÞþ
B2

1ðrÞÞ
1=2tp can be described by the rotation matrix which

depends on the angles u, h, and a

P ðu; #; aÞ ¼ RzðuÞRyð�#ÞRxðaÞRyð#ÞRzð�uÞ: ðB1Þ
Here the matrices Rx, Ry, Rz, represent the standard rota-
tion about the x, y, and z axis, respectively. The angle #(r)
is determined by the equation: tan#(r) = DB(r)/B1(r). u is
phase of the rf-pulse. Using Eq. (B1) and the standard
expression for the Rx, Ry, Rz, the rotation matrices of the
rf-pulses at the point r, P(u,#(r), a(r, tp)), can be explicitly
calculated. In Eq. (B1) the transformation Ry(h)Rz(�u)
puts the effective field-precession axis along the x-axis of
the new coordinate system. Rx(a) is responsible for spin
precession during the rf-pulse, and Rz(u)Ry(�h) returns
the rotated vector to the old coordinate system. For the
most common cases of x or y pulses, when the phases are
u = 0 or u = p/2, respectively, the following notations
are used Px(r, tp) ” P(0,# (r),a(r, tp)) and Py(r, tp) ” P(p/2,
#(r),a(r, tp)).
P x r; tp

� �
� P 0;#ðrÞ;aðr; tpÞ
� �

¼
Iðr; tpÞ �oðr; tpÞ Oðr; tpÞ
oðr; tpÞ cðr; tpÞ �sðr; tpÞ
Oðr; tpÞ sðr; tpÞ Cðr; tpÞ

0
B@

1
CA;

P y r; tp

� �
� P

p
2
;#ðrÞ;aðr; tpÞ

� �
¼

cðr; tpÞ �oðr; tpÞ sðr; tpÞ
oðr; tpÞ Iðr; tpÞ Oðr; tpÞ
�sðr; tpÞ Oðr; tpÞ Cðr; tpÞ

0
B@

1
CA:

I(r, tp), O(r, tp), o(r, tp), C(r, tp), c(r, tp), s(r, tp) are deter-
mined by the following expressions:

Iðr; tpÞ ¼ cos2 #ðrÞ þ cos aðr; tpÞ sin2 #ðrÞ;
oðr; tpÞ ¼ sin aðr; tpÞ sin#ðrÞ;
Oðr; tpÞ ¼ 1� cos aðr; tpÞ

� �
sin#ðrÞ cos#ðrÞ;

cðr; tpÞ ¼ cos aðr; tpÞ;
Cðr; tpÞ ¼ cos aðr; tpÞ cos2 #ðrÞ þ sin2 #ðrÞ;
sðr; tpÞ ¼ sin aðr; tpÞ cos#ðrÞ:

In the case when DB(r)� B1(r) or # = 0 across the sample,
the following holds O = o = 0, I = 1, C = c = cosa,
s = sina with a = �x1tp, and the matrices Px(r, tp), Py(r, tp)
are transformed into the standard matrices Rx(a) and
Ry(a), respectively.
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